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Abstract: In this present research, having view in the Neutrosophic norm (fi,¥,@), which we 
presented J,-lacunary statistical convergence and J,-lacunary convergence strongly, looked into 
interactions between them, and made a few findings regarding the respective categories. At least 
went further to look at how both of such case approaches relate to J,-statistical convergence within 
the relevant Neutrosophic normed space. 
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1. Introduction 


Fast invented statistical convergence in a sequence of real number. Research conducted by Das 
and Ghosal, et al. provide additional information along with applications using ideals. When 
Zadeh's [18], studied fuzzy set theory began to gain significance to be an academic subject. 
Atanassov [1] studied intuitionistic fuzzy sets; Atanassov et al. used this idea to analyze 
administrative decision-making challenges. The concept of an intuitionistic fuzzy metric space was 
proposed by Park. 

Smarandache [15] introduced Neutrosophic Sets (NS) as a development of the IFS. For the 
situation when the aggregate of the components is 1, in the wake of satisfying the condition by 
applying the neutrosophic set operators, various results can be acquired by applying the 
intuitionistic fuzzy operators, whereas the neutrosophic operators are taken into the cognizance of 
the indeterminacy at a degree akin to truth-membership and falsehood-non membership, the 
operators disregard the indeterminacy. Jeyaraman et al. [9] developed approximate fixed point 
theorems for weak contractions on neutrosophic normed spaces in 2022. In the present paper, our 
aim is to discuss Neutrosophic norm (,/,@), which we presented J, -lacunary statistical 
convergence and J,-lacunary convergence strongly, looked into interactions between them, and 
made a few findings regarding the respective categories. 


2. Preliminaries 


lim 
N—0Oo 


The formula 5(&) = {7 < 7%: m € K}|, describes the natural density that exists for an 


1 
a 
integer set & that includes positive numbers, whenever |m7 < #: m € &| represents the maximum 


value less than or equal to #1 with many elements in &. 
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Since each value ¢ > 0, the numerical sequence x = (x) can be considered being 


statistically convergent in terms of &. 
notaries 1 as x 
lim =| <M: |zg — 2) = Ol =0, 
NOW 


ie., legm-2l< ¢ (aa. mM) (1.1) 
Here, which we state that st — limz,, = 2. As anexample, specify x, =1When m acts as square, 
else xg = 0. When |{7i < @: x5 # 0}| < VA, thus st — limxs, = 0. Remember it st —limxg, = 0 
holds true even if the developers had given x anything measures upon all if m has become 
square. Yet x never converges nor bounded. This happens obvious which limx = 2 while 
inequality of (1.1) exists over every a limited amount of 77. Usual convergence naturally generalizes 
to Statistical Convergence (SC). SC can become thought of just being regular summability 
convergent in addition to require never remain convergent nor bounded because limxg = 2 
yields st — limz,, = &. 

A ideal of non-trivial, if J consists only singletons, and then J has (i) an admissible ideal over 
S. The sequence (x,;) is shown to make themselves ideal convergent towards £ and every ¢>0, i-e., 

UG) ={(MmeEN: lx -Ll SGed/. 

Considering J = Jz = {wu CN: 46(M = O}, while 5(20) denotes the convergent value for set . 
Convergence of ideal occurs around identical interval as statistical convergence when there is a 
non-trivial admissible ideal Js. 

Ideal Jz is a nontrivial on N xN appears to be strongly admissible when {i} x N and N x {é} 
originate from J,with every casei € N. 

Therefore immediately apparent such strongly admissible ideal remains permissible. 

Additionally, the article we take strongly admissible ideal J, in N x N, and £2, denotes the 
space that contains all bounded double sequences. 

A sequence of double lacunary represented by a double sequence 6 = 6,; = {(¢y,d,)} exist 
two increasing integer sequences (¢,,) and (d,) which means 

ép = 0,A, = 6, —Cy-1 2 Mand d, = 0,4, = d,-d,_-1 7 %, 4,87 &. 
We shall utilize the term shown below, é,5:= C45 fusi= ffs and 6,,, is determined as 
Sunt= (eid)? 2-1 < ee eo) andd,- 1 <d-< dj, 
oy Cum Apts ar 
fy *= a 174s = d,-1 Busi = bys: 

All through the research, with 6, = 6,, = {(€,,d45)} that we shall designate a sequence of 


double lacunary nonnegative real numbers, respectively, wherever a different condition exists. 
The double sequence with the integers x = {x4} can be considered that it is J,-lacunary 


statistical convergent as well as (J,)-convergent towards &, when for every ¢ >0 and 6 >0, 
1 , 
{(u,s) ENXN: —[((,A) € Sra? ka - A212 dhe %, 
Vr Vu 
In the above illustration, we have to put 


Ema > 2 (l6, (J,)) or Ig, J2) — lim | xima = &. 
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Definition 2.1. The 7-tuple (&, 1,1, @,x, 0, A) is said to be a Neutrosophic Normed Space [NNS], if * 
acts as t-norm which is continuous, © and A act as t-co norms which are continuous along 
with = which acts as a real vector space, ft, ¥,@ which denote fuzzy sets through 

EX ®. 

(cnl) 4 (6,6) + ¥ (6,6) + H(5,6) <3, 

(cn2) 0 < (6,6) $< 1,0 <1 (6,6) < 1and0<& (6,6) <1, 

(cn3) pf (6, 6) = 0 for all non-positive real number 6, 

(cn4) (6,6) =1forallé€ Rt @h =0, 


(cn5) fi (76,6) = a (6,), for all y € Rand y #0, 
(cn6) (6 +3,6 + @) = min{ui (6,6), 4 (3, @)}, 
(cn7) lim ji (6, @) = Land lim 4 (5,8) = 0, 
(cn8) ¥ (6, 6) = 1 for all non-positive real number 6, 
(cn9) ¥ (6,6) = Oforallé € Rt oh =0, 
(cn10) ¥ (vb,6) =¥ (6,4), for all y€ Rand y £0, 
(cn11) ¥ (6 +3,6+@) < max{i (6,6),7 (3, @)}, 
(cn12) lim ¥ (6,6) = 0 and lim 7 (6,6) = 1, 

Q->00 Q->00 
(cn13) @ (6, 6) = 1 for all non-positive real number 6, 
(cn14) & (6,6) = Oforallé € Rt @h =0, 
(cn15) & (yb,6) = (5, =): for all y € Rand y #0, 
(cn16) & (6 +3,6+@) < max{ & (5,6), & (3,@)}, 


(cn17) lim & (6,6) = 0 and lim & (6,6) = 1. 
Q>0 O57 00 


In the above case, (ft, ¥, @) is identified as a NN on. In addition, (&, #1, ¥, W@) is referred to be a NNS. 
In NNS, we look at generalized sequence a statistical convergence through ideals. In the 

present article, we pay attention and in addition we have to investigate the interaction among two 

new ideas, as well as the author’s introduction of J,-Lacunary Statistical Convergence (LSC) and 


strongly J2-Lacunary Convergence (LC) ina NNS. 


3. Main Results 

Definition 3.1. Let (E, 44,7, @,*,0,A) be a NNS, J, ¢ 28*N which is a strongly admissible ideal 

inN XN . A sequence x = (#,,) is said to be J, —Statistically Convergent (SC) to € € = relate to the 
a g (iV,@) . 

NN (,¥,@), which is represented by 1(J,)"*) — limx = & or Faz pass €((Jz)), if for every ¢ > 


0, every 6 > 0, and e>0, 
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; ASM, 25H: fh (%,,-6,6)<S1—-—or 
(7,2) ENxN 7, ¥ (xa, — €, 6) = ¢and > 5} EI. 
& (ta, 66) 26 
Definition 3.2. A sequence x= (x,,) is said to be J,— LSC to €€£ relate with the 


ite ss s (it,¥,@) . 
NN (,¥,@) which is denoted by Ig (J,) #4") — lim x = € or x5 ane (Io (J)), if for every ¢> 


0, every 5 > 0, and o>0, 
(4,2) €Jru ? (Xz — $6) S$ 1— For 
(r,u) ENxXN :—— ¥ (xa, - 6,6) = Cand > bE. 
IU oe Sey y 
OG 5,0) 2 
Definition 3.3. A sequence x = (%,,) is said as a strongly J, — LC to € or Jg (Jo) —convergent 


. ae (9,0) 
toé €& relate to the NN (4,¥,@) it can be denoted by x,, ——> 


E(Jo (3,)), if for every 56 >0 and 6>0, 


1 : & 
(r,u) ENXN : —— >» Lt (Xa, — 6,6) S$ 1—-—d or 


IU 


(4,2) €Sru 
i : sy x 
= y V(x, -& 6) 26 € Jo. 
VrVu _ 
(4,2) € 3ru 
and —— W(x,, -& 6) 26 
VrVu (Fas — 6:8) 


(4,2) € 3ru 
Theorem 3.4. Let (,/i,¥,@,%,0,A) be a NNS, Double Lacunary (DL) sequence 0, strongly admissible 
ideal J, inN, andx = (#,,) € &, then 


(i) (a) If tq > & (Jo(In)), then yz > & (Ig(I))- 


I 


(b) If x € €2,(E), be a E of all bounded sequence space with xq, = é (Ig (J.)) then q, a é Ue (J2)).n 


(ii) Ig (Jn) 1 £2,(E) = Jo(Jo)%"™ r £2,(8). 


. (10,0) , 
Proof. (i) — (a). Given hypothesis, for all ¢ > 0,6 > 0, and 6 > 0, letz,, — é Uo (J,)). Then we 


can write 
DY, G Car — 66) oF # (tas - 8.6) and & (t45-8.6)) 
(4,2) € Su 
> > (it (Sas — $6) oF ¥ (Rae — §.6) and (tae — &,6)) 


(4,2) €3ru 
i (az-€.8 ) <1-¢ orv (taz-€,0) 2¢ and 
@ (taz—-€,0 ) 2 
> §.[((4, 2) € Seu tH (Haz — 6) $1 -§ ori (ta, — $6) =F and & (ta, — 6) = FJ]. 
Then observe that 
1 


— >6 
VeVi 


ee ESru i lt (eri —&,6) <1 =¢ or ¥ (Xa, —& 6) 2 ‘| 
and & (x4, —&,6) =¢ 


and 
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v er =< é, 6) 2 <) 


li (tae — £,6) < (1-6 or 
VrVu 5 
(4,2) € 3ru 


1 
& (%az — €,6) = 66, 


VA Dei, 


and S| 
VeVi ge Seu: 
(G3) EGG 60) S1H¢ 
ory (S35 ~ é,6) 2¢ 


IV 
Orn 


which implies 4 (7,w) ENXN : = 
Vr Vu and 
w (s3 — é,6) 2 ¢ 
1 Si 
c {(r,a) ENXN ‘2 6 
UW 


Since x4, uals E(Jg(J2)), we immediately see that x, — E(Ig(J2)). 


C 
(V0) . 
(i) — (b). We assume that x,,, aici E(Ig(Jz)) and x € £2,(E). The inequalities T or hold for alla, z 


Let ¢ > 0 be given. Then we have 
1 2 % 2 
DY. Gi az — $8) oF # (Zaz — 8,6) and & (tas — £6) 
Li (Zaz — €,6) or U (x4, — €,6) a) 


Vr Yu (4,2) € Sru 


1 
Yr Vu (4,2) €3ru 
it(taz-€,0) $ 1-8 or ¥ (xgz-€,0) 2% and W (xgz-E,0) 2% 


(Xz — $8) 


(" (Sis = & ) ory Gi = cs ) i) 
w Gy a é, 6) 


1 
Vr au (4,2) © 3ru 
i (xaz-€.2) >1-¢ ory (xaz—&.2) <G anda@ (xaz-€.0) <¢ 
M ne A (%4,-€6)<1-¢ ori(x,,-€60)>¢ om es 
 VrVua ® (x,, -€,6) > ¢ : 
Note that 
(4,2) € Seu i ft (az, -66) $1-¢ Z 
Unva(F,6)=1(r,u)ENxXN: —— or 0 (xq, —€,6) => ¢ and >— 
VrVu B ies m 
® (ta, -& 6) BE 


belongs to Jz. If € (Mav (¢, 6) then we have 
Hi (a2 — 6,6) > A - 26) 


1 
WV SE Seu 

1 ‘ ig 5 

or ¥ (x2, —€,6) < 2¢ 


as Ts oe 
w x ie é,6) < 2¢, 


and —— 
VOM a NE Su 
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Now 
1 : on ; 
(r,u) EN XN: — Ht (zag — €,6) S (1-26) 
VrVu 1 
(4,2) € Sru 
1 oe es 7 
Tn ¥,00(¢, 0) = or > ¥ (%a, — €,6) = 2¢ 
Ga VrVu 1 
(4,2)€ Sru 
and -— @ (ta, — €,6) < 28, 
VrYu 4 
(4,Z)€ Sru 


Hence Ty 5,45 (¢, 0) S Ui 9,0 (¢, 6), then along with on an ideal, Ty 5,45(¢, 6) € Jo. 
(0,3) 5 
Therefore, we conclude that x, , = Eo (J2)), 
(ii) It immediately following (i) — (a) and (i) — (0). 


Theorem 3.5. Let (&, i, 1, @,%,0,A) be a NNS. When a sequence 0 of DL with lim infg, > 1, lim 
al 


infg,, > 1 thereafter 
uu 


pone bisok 3 
¥az ——> € (I(Iz)) > Faz ——> € (Io(J2)), 


Proof. Assume initially that liminfg, > 1, lim infg, > 1 then there exists a G,y > 0 so that g, > 
TF uu 
1+4a,g,>1+f for sufficiently large r,u, which implies that 


YrVu op 
Zru (1+ H)(1 +H) 


If xg, aia 4 (I (J2)), then for every ¢ > 0 and for sufficiently large r,u, we have 


1 : . : 
—|{a <a,,2< 2,3 fh (Xa, — 6,6) $1 - Gori (x,, —€,6) = Gand W (x,, —€,6) = 


Sru 


>—|{@z) E Seu H (Faz -— €,6) Ss 1—¢or ¥ (x,, -—€,6) > Cand & (xq, — €,6) > ¢} 
(a,Z) © Sra? Haag —€,0) = ee 
¥ (faz — €6) = Sand & (x4, — 8,6) 2F 


Then for any 6 >0, we get 
seal eae aaa 
and & (xa, —€,6) > ¢ 
ASA, 3S By! fh (Faz -66) S1-¢ - 
c (ru) ENXN or ¥ (az — $6) > ¢ Gant 
and i (ta, —$,0) = ¢ 


> 68 (1 
~ (14+G)(14+0) \ y- Vu 


1 
{ora EN XN :——_ 


VT IU 


> 5| 
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(0,3), 
If x,, Se (I CE) consequently, the set on the right-hand belongs to J,and the set on the 


(0,0) 5 
left-hand belongs to Jz. It demonstrates that x,, ia & (Ig (J2)). 


The following result depends on the hypothesis of the lacunary sequence 0 provides satisfaction to 
the requirement to satisfy each set C € § (Jn), U{H: 3--1 <NS Zp, FECLER (I). 


Theorem 3.6. Let (E, fi, ,@,%,0,A) be a NNS. When a sequence 0 of DL with limsupg, > , lim 
Tr 


sup G,, > © thereafter 
uU 


age, ae 
Sag —— € (Io (Jn) = Faz —— E(1(I2)), 


Proof. If lim supg, >, lim supg, > © then without limited uniformity we can assume that 
a uU 


(i,V,0) 5 
there exists a Mt, 9 > 0 such that g,< Mand g,<Mfor every 7,u. Assume xyz uate é (Io (Jn))and 
let 


Cru _ [{(a, z) € irae fl (ta, < é,6) Sul gory (25 r é,6) = ¢ and @ (Cae _ é,6) 2 ¢}I. 


. (i,0) . . x : 
Since xg, —— & (Ig (J)), it becomes that for all ¢ >0, 6 >0,and 6>0, 


(r,u) €NxXN :—— V(x.,-6 6) 2¢ > 5) EI. 
VrVu e pes © 
and di (4, -&,6) =¢ 


aU 


bechia C x 
Hence, we can select a positive integers 7, Uo € N so that i <6, forevery 7 > 1o,U > Up. 
rIU 


Now let &:= max {C,,:1<7< 79,15 u< Uo} and let @ and vu be any integers satisfying 


Ap-1 <0 Sa,and Zy_1 <u < Z,. Then, we have 


1 . : ‘ 
gy lt S05 S02 (Hae — $8) <1-¢orv (x,, —€,6) = éand & (x,, — €, 6) = ¢}| 


1 ee es 
= Ap-~1Zy-1 and (Fis = é, 6) = ¢ 
ee, eget on, (Cir oy Cy. + Car + C22 speteece Crug ain Cru) 
ayp-1 3 u-1 
1 1 Crug tt Cro41to =) 
Ss ——_.- Fo ttg + —— | nr Vr = + Vro4,¥ug Se EW, = 
Ap—1 Bu-1 vas Ap—-1 —( fa Se Vro Yup) t1 Oe Vro41)/Uo - VeVi 


Cru 


sup 
T>19 Uru Vr Vu 


Tytly. l + 1 ( 


a, 1Su-1 ay 12-1 


) (ie Ver + Vror1 Yugo reetterk VrVu) 


< Toto | “ (a, — ay,)(Bu — 3-1) 


aAr—-1 Zu-1 aAy-1 3u-1 
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TU TU. l 
2 OE bch — ER 


ayp- 12u-1 Ay-1 Su-1 


Sinced,_1 Z, > © as 6,u > ©, it follows that 


1 ‘ : d 
gy lt S02 SU: (Haz — $8) $ 1—¢orv(x,, —&,6) = ¢and & (x,, —€,6) = {| 30 


hen, 


and for all 51> 0, the set 
(eae a ot Sd cori (a= %,0) a 
and & (xa, —€,6) > ¢ 


1 
{(@u) EN x N= 
ou 


CiV,0) 5 
This shows that x,, se (1(J2)). 
Joining Theorem 3.5 and Theorem 3.6 we get 


Theorem 3.7. Let sequence 0 obtain strongly lacunary. NNS. If 1 < liminfq,. < limsup g,. <0, and 1< lim 
r r 


inf Gu< lim sup Du < © then 


Pesci 


—— E(Ig (J2)) = Xaz — *, &(1(2)), 


Proof. It follows immediately from Theorem 2.2 and Theorem 2.3. 


Theorem 3.8. Let (E, 11, ¥, @,%, @, A) be a NNS so that 
1yv ly 1yv ly ly 1 
7 $mnO 7 Sma <5 Simin (1-+¢ na) *(1- *¢ a) > > 1-56 ma and omad oma < 5 Sma 


Ifa Banach space = then closed subset Ip(J2)“" rm £2,(E) of €2,(E). 
Proof. We initially assume that (x””) = (x%*) be a convergent sequence in Ig (Jo) n £2, (E). 
Suppose x” convergent to x. It is clear x € £2, (2). 


We must demonstrate this x € Ig(J,)“%"®) n £2,(&). Since x” € Ip(Jz)%"™ mn 12,(E) there are some 


(avis 
real numbers £4 in such a way that x7 Slee Fi malo (J2) )) for m, = 1, 2, 3,.. 


Consider a strictly decreasing positive value double sequence {¢,} converging to zero. For all 


M,N =1,2,3... that is positive Jtm_ in such way that if m,n = My then 


y 


aunt (x x7", 6) < i. 
Without limited normality assume that Ij, = Mand select ad > 0 in such a way that 6 < =. 
Now set 
(r,u) ENXN :—— 
VrVu 
Uyivo Grea @) = {(4,2) © Bru (x%* — Lad) S1- SF or : 
: <o 
V(x" -— Lag) = “8 and & (x? — Qa 6) = Sri 


belongs to &(Jz) and 
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(r,u) ENXN : —— 
Vu 
; rr (x Mt1At1 _ eee ver 6) <1- wes 5 
SB iy 2s (Gres pad , 6) = v 
Cm+1At1 x 


v(x? _ 9 <6 


MALRA+L 6) 2 4 


Cm+1A4+1 


M+1LMR+1 : 
= inet ) 2 4 


and w (ee 


belongs to § (J). Since Ups, (Cna 6) A Byw,a(Cns1a+1,6) € (2) and O€ FI), we can 
choose (7,4) € Uy 9,0 (Gna 0) 1 By, (Gm+1,0+1/6)- Then 


~ * AN : Oma 
(4,2) € Sra? H (302 — Lard) S hora 


5 («BF ~ 2nd) 2 


1 and & (x2%" — Lina, 0) = ae < 
——— S < 26 <1. 
VrVu Vi (xttart = eye heiie) <1- a ae 


MALRAL 


vee ide eat Lmsar) = ary lar 


M+LR+L 


MALMAL : 
— Lrstaty 6) 2 “=f 


and Ww (a 
Since y,-¥y > © and Ui Cra 0) O Bus, (Cricigsa x) € %(J2) is finite, we can select the above 
1, So that y,¥, > 5. 
As a result, there must exist a (a, z) € 3,-, for whatever we have simultaneously 
Bh (s4 — Lam 6) >1- Si orv Gis Lina 6) < fia and @ (x27" — Lia ) = Sis f 


y 


+ (ge MALNFL : Sma + ( M+LA+1 Sma 

u (ee — Qasr aty 6) eal a orv az = Vea ) 2 mn 
se ( M+1RN+1 Cm 

and @ (er = Qi 41, R+1) 6) Za A. 


For a given ¢” > 0 chose =* ‘ai such that 


1y ly v ly ly v 1, 1y y 
(1 = Cina) (1 ere win) > 1 oma Soma Soma < Sma and oma A Soma < Sma 
Then it follows that 


v (2a oe #2) OV (Sassen oa Fae =) << 


and 


i (eA — 2A 8) < guy (: _ yiia 5) @ supi (: = gies) 


Hence, we have 
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¥ (La — Lmsiasr) < E (Gna ~ 2,2) Ov oa = Gmeraevs) OV Fg p || 


and similarly 4 (Lia — Las1asr 0) > 1- na and (Lama — LmsrasvO) < Sma: 


It implies that {L,2}0,aen is a Cauchy sequence in = and let Lg > 2€ Eas m,n > ©. 
: : (i,0,6) 

We will demonstrate this x ——> La 4 (Io (J,)). 

For any ¢ >0 and 6>0, select (7,7) € N x Nin such a way that 


v we oe WAN. . 1. oe . 1, 1. oe . 1. 
Ra > —¢, sup ¥ (x — x, 6) <-¢ ¥ (Lag -2%0) >1-—-Gor -6 1 (Len -8 6) <1--¢. 
fia 4 4 4 4 


4 
Now since 
1 1 (4,2) € Spy: ¥ (2: - 2,5) (3) 
(42) Sra? VEae-BON29 SH, : 
r Yuu r Yu E (eae = @nas) OV (Sica = g, =) => ¢ 
1 a . (_ win é é 
< rlflea) €Sra: (xan!) 29 
and equivalently 
Nene. sea a yet = eI >—|{a Z) € Spy! i (288 - 2 °) <1-5 
VVa ? Sru , U az 1Q ~~ ¢ V-Va ? Sru - u az TA = 2 
and 
1 t a c 1 oa ae e\ _¢ 
Fa.) € Bru 1H Cas 2.8) 2 BS T= fa.2) Seu? 5 (eB - Laas) < Hl 

It follows that 

1 4,2) € Sp, flea, - & 6) <S1-¢ 5 
{ora en xn +f ( ) are H (tas $8) — j=} 

Vr-Vu \lor v (Giz - é,0) > éand Ww (ez - é,0) >¢ 
2 .( ma Q ¢ 
1 (4,2) € Sry? (x - Lag) S1-% : 

cCi(r7,uyENxN: 26 


Yr Yu orv (a J @aas) = 5 and @ (a? = Lana =) = 


; x (i,V,) 
for any given 6 >0. Hence we have x —— La (Io (J,)).. 


4. Conclusion 

We define the concept of J,-LSC additionally strong J,-LC in order to relate towards the NN, 
examine their relationship, and while certain observations regarding these. The research we 
conducted involving J,-statistical in addition J,-LSC about sequences in NNS give a technique for 
approaching convergence problems of fuzzy real number sequences. 
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